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ABSTRACT
Bulk velocities exceed thermal velocities for sufficiently radiation pressure dominated
accretion flows. We model the contribution of bulk Comptonization to the soft X-ray
excess in AGN. Bulk Comptonization is due to both turbulence and the background
shear. We calculate spectra both taking into account and not taking into account bulk
velocities using scaled data from radiation magnetohydrodynamic (MHD) shearing
box simulations. We characterize our results with temperatures and optical depths to
make contact with other warm Comptonization models of the soft excess. We chose
our fiducial mass, M = 2 × 106M⊙, and accretion rate, L/LEdd = 2.5, to correspond
to those fit to the super-Eddington narrow line Seyfert 1 (NLS1) RE1034+396. The
temperatures, optical depths, and Compton y parameters we find broadly agree with
those fit to RE1034+396. The effect of bulk Comptonization is to shift the Wien tail to
higher energy and lower the gas temperature, broadening the spectrum. Observations
of the soft excess in NLS1s can constrain the properties of disc turbulence if the
bulk Comptonization contribution can be separated out from contributions from other
physical effects, such as reflection and absorption.
Key words: accretion, accretion discs — radiation mechanisms: non-thermal —
turbulence — galaxies: active.
1 INTRODUCTION
The soft X-ray excess in AGN spectra is the component be-
low 1keV that lies on top of the extrapolation of the best
fitting 2-10keV power law (Singh et al. 1985; Arnaud et al.
1985; Vasudevan et al. 2014). The dependence of effective
temperature on mass and accretion rate in optically thick
accretion disc models (Shakura & Sunyaev 1973, hereafter
SS73) is Teff ∼ (m˙/M)1/4, where m˙ = M˙/M˙Edd. We there-
fore expect intrinsic disc emission to contribute to the soft
excess most in narrow line Seyfert Is (NLS1), which are com-
paratively low mass (∼ 106M⊙), near-Eddington sources. In
the most luminous regions of NLS1 discs the temperature
is greater than the hydrogen ionization energy, so electron
scattering is the dominant opacity. The color temperature
is therefore greater than the effective temperature, which
augments the expected contribution to the soft excess in
these sources. While the soft excess is particularly promi-
nent in NLS1s, the expected disc contribution is insufficient
to account for it (Done et al. 2012, hereafter D12). In broad
line Seyferts, which are lower Eddington ratio sources, the
intrinsic disc emission does not extend to high enough ener-
⋆ E-mail: jason.kaufman09@gmail.com (JK);
blaes@physics.ucsb.edu (OMB)
gies to contribute at all, and so in these sources the entire
soft excess must originate elsewhere.
One class of models for the soft excess invokes warm
Comptonization. In this picture, a warm (kTe ∼ 0.2 keV)
medium with moderate optical depth upscatters photons
from a cool, optically thick disc. Magdziarz et al. (1998), for
example, fit the soft excess of the broad line Seyfert 1 NGC
5548 with kTe = 0.3keV, τ = 30. In this case, they pictured
the medium as a transition region between the accretion disc
and an inner hot geometrically thick flow. In other studies
the medium is a warm layer above the inner regions of the
disc. For example, Janiuk et al. (2001) fit the soft excess
of the quasar PG 1211+143 with kTe = 0.4keV, τ = 10.
Dewangan et al. (2007) fit two NLS1s, Ark 564 and Mrk
1044, with kTe = 0.18keV, τ = 45, and kTe = 0.14keV, τ =
45, respectively. Jin et al. (2009) fit the super-Eddington
(L/LEdd = 2.7) NLS1 RXJ0136.9-3510 with kTe = 0.28keV,
τ = 12. Mehdipour et al. (2011) fit the broad line Seyfert
1 Mrk 509 with kTe = 0.2keV, τ = 17. More recently, D12
constructed the XSPEC model OPTXAGNF for the soft ex-
cess, which uses the disc spectrum at the outer coronal ra-
dius as the seed photon source and, for the purpose of energy
conservation, models the warm medium as part of the disc
atmosphere. D12 fit the super-Eddington (L/LEdd = 2.4)
NLS1 RE 1034+396 with kTe = 0.23keV, τ = 11. Since
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then, this model has been applied to several sources, such
as the NLS1 II Zw 177 (Pal et al. 2016), for which they found
kTe ∼ 0.2keV, τ ∼ 20.
Warm comptonization models fit the spectra well, but
the minimal variation of the fitted electron temperature with
black hole mass and accretion rate (e.g. Gierlinski & Done
2004) motivated alternative models based on discrete atomic
features. In reflection models, photons from the hot (∼ 100
keV) corona are reflected and relativistically blurred by the
inner regions of the accretion disc (e.g. Crummy et al. 2006;
Ross & Fabian 2005). In ionized absorption models, high
velocity winds originating from the accretion disc absorb
and reemit photons from the hot corona (Gierlinski & Done
2004). While these models naturally predict the mini-
mal variation in the soft excess temperature, they typi-
cally require extreme parameters to sufficiently smear the
discrete atomic features on which they are based. Re-
flection models, for example, require near maximal spin
black holes (e.g. Crummy et al. 2006), and the original
absorption models require unrealistically large wind ve-
locities (Schurch & Done 2007). More complex absorption
models circumvent this difficulty, but they lack predictive
power (e.g. Middleton et al. 2009). Other proposed expla-
nations for the soft excess include magnetic reconnection
(Zhong & Wang 2013) and Comptonization by shock heated
electrons (Fukumura et al. 2016). Because warm Comp-
tonization, reflection, and absorption all fit the spectra
adequately (e.g. Middleton et al. 2009), solving this prob-
lem requires variability and multiwavelength studies (e.g.
Mehdipour et al. 2011; Vasudevan et al. 2014).
Because optically thick disc models predict that disc
emission associated with NLS1s already extends into the
soft X-rays, in these sources warm Comptonization could
be due to modifications to the vertical structure that oc-
cur in this regime. For example, warm Comptonization
may be due to turbulence in the disc (Socrates et al. 2004;
Kaufman & Blaes 2016, hereafter KB16), if bulk electron
velocities exceed thermal electron velocities. For the alpha
disk model1 (SS73),〈
v2turb
〉
〈v2th〉
∼ α
(
me
mp
)(
Prad
Pgas
)
, (1)
so we expect turbulent Comptonization to be important in
the extreme radiation pressure dominated regime. Since the
ratio of radiation to gas pressure increases with mass and ac-
cretion rate, turbulent Comptonization should be most rele-
vant for supermassive black holes accreting near-Eddington,
such as NLS1s. In this regime, therefore, turbulent Comp-
tonization could provide a physical basis for the construc-
tion of warm Comptonization models. By connecting the
observed temperature and optical depth to the disc vertical
structure, this could help solve the problem of the soft excess
and also shed light on the properties of MHD turbulence. In
broad line Seyferts, which have lower Eddington ratios, the
ratio of radiation to gas pressure is too small for turbulent
Comptonization to be significant, so if warm Comptoniza-
tion is present it must originate elsewhere. In these sources,
it is unlikely that warm Comptonization could be due to
1 The mp/me factor in KB16 Eq. (1) should be flipped.
modifications to the intrinsic disc atmosphere physics, be-
cause the thermal spectrum falls off at energies significantly
below the soft X-rays.
KB16 outlined the fundamental physical processes un-
derlying bulk Comptonization by turbulence in accretion
disc atmospheres. In this paper we model the effect of bulk
Comptonization on disc spectra using data from radiation
MHD simulations (Hirose et al. 2009), including both tur-
bulent Comptonization and Comptonization by the back-
ground shear. We parametrize this effect by temperature and
optical depth in order to make contact with observations fit
by other warm Comptonization models. In particular, we
compare our results to the temperature and optical depth
fit to RE 1034+396 (D12), a super-Eddington NLS1 with
an unusually large soft excess. The structure of this paper
is as follows. In section 2 we describe our model in detail. In
section 3 we describe our results, and in section 4 we discuss
them. Finally, we summarize our findings in section 5.
2 MODELING BULK COMPTONIZATION
2.1 Overview
In order to facilitate comparisons with warm thermal Comp-
tonization models of the soft X-ray excess, we seek to charac-
terize the contribution of bulk Comptonization with a tem-
perature and an optical depth. To do this, we use data from
radiation MHD shearing box simulations to compute spectra
both including and excluding bulk velocities. Since our sim-
ulation data is limited, we use a scheme to scale data from a
simulation run with a particular radius, mass, and accretion
rate to different sets of these parameters. We describe this
scheme in section 2.2. In this work we use data from sim-
ulation 110304a, which is similar to simulations 1112a and
1226b (Hirose et al. 2009), but has a lower surface density,
Σ = 2.5× 104g cm−2, which results in a higher radiation to
gas pressure ratio. The parameters of interest for 110304a
are given in Table 1.
We calculate the spectrum at a given timestep using
Monte Carlo post processing simulations. For this work, we
chose the 140 orbit timestep at random. The details of our
Monte Carlo implementation of bulk Compton scattering are
in Appendix A. To isolate the effect of the turbulence alone,
we also calculate spectra without the background shear. To
model an entire accretion disc we calculate spectra at mul-
tiple radii. We discuss our choice of radii in section 2.3. The
flux obtained at a particular radius corresponds to an Ed-
dington ratio. If our scaling scheme were perfect, the corre-
sponding Eddington ratios at the other radii would be the
same by construction. We correct for minor discrepancies
by normalizing the other spectra so that their correspond-
ing Eddington ratios are the same.
We transport the spectra computed with bulk veloci-
ties at multiple radii to infinity and superpose the results
to obtain the final, observed spectrum. We choose a view-
ing angle of 60◦. At this angle the gravitational redshift ap-
proximately cancels the Doppler blueshift (D12, Zhang et al.
1997), which allows us to use a Newtonian transport code.
We chose this method because it is easy to include the prop-
agation of error bars, but we verified that our results are un-
changed when a fully relativistic Kerr spacetime transport
code (Agol 1997) is used instead.
c© 2015 RAS, MNRAS 000, 1–??
The contribution of bulk Comptonization to the soft X-ray excess in AGN 3
The spectra computed without bulk velocities are used
as seed photon sources for a warm Comptonizing medium
characterized solely by a uniform temperature and optical
depth. We implement this by solving the Kompaneets equa-
tion at each radius. We then transport the resultant spectra
to infinity to obtain the observed spectrum. We fit the ob-
served spectrum Comptonized by the warm medium to the
observed spectrum computed with bulk velocities by adjust-
ing the temperature and optical depth. We explore the effect
of varying the outer radius, rcor, of the warm Comptonizing
medium on the goodness of fit parameter, χ2/ν, and select
the radius for which this parameter is minimized.
To provide insight into the physics of bulk Comptoniza-
tion, we also perform spectral calculations in which the sim-
ulation data are truncated at the effective photosphere and
the emissivity is zero everywhere except in the cells at the
base. Since we expect bulk Comptonization to be dominated
by the contribution from photons emitted at the effective
photosphere, we expect the resulting temperature and op-
tical depth to be nearly unchanged. We discuss this point
more in section 4.2.
2.2 Scalings for radiation MHD shearing box
simulation data
In this section we derive a scheme to scale data from a ra-
diation MHD simulation run with a particular radius, mass,
and accretion rate to a different set of these parameters.
We first observe that the construction of an appropriate
scheme is made possible by the fact that the density, temper-
ature, and velocity profiles show considerable self-similarity
across a wide range of simulation parameters. For example,
in Figures 1 and 3 we compare the density and bulk veloc-
ity profiles from the 140 orbit timestep of 110304a, which
is the basis of this work, with those from a snapshot of
OPALR20 (Jiang et al. 2016), a simulation run in an en-
tirely different regime (Table 1). The bulk temperature is
defined by (3/2)kBTbulk = (1/2)mev
2. Subscript “c” de-
notes midplane values. The variable z is the distance from
the midplane and the scale height h is the value of z for
which ρ/ρc = 1/e. The profiles nearly coincide, and even
the discrepancy between the density profiles at large z/h
is likely just due to a temporary fluctuation at 140 orbits.
At 180 orbits, for example, there is no discrepancy (Figure
2). This self-similarity is perhaps an even more robust phe-
nomenon than the difference in simulation parameters alone
would indicate since the inclusion of the iron opacity bump
in OPALR20 is a non-trivial effect. In particular, the ther-
mal stability of OPALR20 depends on the inclusion of this
effect (Jiang et al. 2016), whereas it is now believed that the
thermal stability in 110304a is a result of the narrow box size
in the radial direction and is therefore artificial (Jiang et al.
2013). Despite this caveat as well as the fact that the mass
parameter for OPALR20 is closer to our regime of interest,
we chose 110304a for this work because the photospheres
are better resolved, a decisive advantage for the purpose of
computing spectra.
Because of self-similarity, we primarily need to scale the
midplane values for the profiles of interest and the scale
height. Analogous to the derivation of the standard α-disc
scalings in the radiation pressure dominated regime (SS73),
we derive scalings in terms of the shearing box surface den-
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Figure 1. Normalized shearing box density profiles at 140 orbits.
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Figure 2. Normalized shearing box density profiles at 180 orbits.
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Figure 3. Normalized shearing box bulk temperature profiles at
140 orbits.
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Table 1. Shearing box simulation parameters
Simulation M/M⊙ L/LEdd r/rg
110304a 6.62 1.68 30
OPALR20 5× 108 0.03 40
sity Σ, the vertical epicyclic frequency Ωz , and the shear
∂xvy . The integrated hydrostatic equilibrium equation for a
density profile with scale height h and midplane radiation
pressure Pc is
Pc =
1
4
Ω2zΣh. (2)
The thermal equilibrium equation, given the radiation flux
F and the midplane turbulent stress τc is
F = (∂xvy)τch. (3)
The stress prescription is
τ¯ = αP¯ , (4)
which for a profile that decays with scale height h is equiv-
alent to
τc = αPc. (5)
The radiative diffusion equation with the opacity given by
κ is
F =
2cPc
κΣ
. (6)
Eqs. (3), (5), and (6) give the scale height scaling:(
h
h0
)
=
(
α
α0
)−1 (
κ
κ0
)−1(
∂xvy
∂xvy,0
)−1(
Σ
Σ0
)−1
. (7)
Since we intend to scale to the lower mass (∼ 106M⊙), high
Eddington ratio regime, the opacity remains dominated by
electron scattering so we set κ/κ0 = 1. Eqs. (2) and (7) give
the midplane pressure scaling:(
Pc
Pc,0
)
=
(
α
α0
)−1(
κ
κ0
)−1(
Ωz
Ωz,0
)2(
∂xvy
∂xvy,0
)−1
. (8)
Below we will also need the flux scaling:(
F
F0
)
=
(
α
α0
)−1(
κ
κ0
)−2(
Ωz
Ωz,0
)2(
∂xvy
∂xvy,0
)−1(
Σ
Σ0
)−1
.
(9)
For the purpose of calculating spectra, the profiles of inter-
est are the density, the gas temperature, the turbulent veloc-
ity, and the shear velocity. The midplane density is trivially
given by (
ρc
ρc,0
)
=
(
Σ
Σ0
)(
h
h0
)−1
. (10)
Since the gas temperature is coupled to the radiation tem-
perature, the scaling for the midplane gas temperature fol-
lows directly from Eq. (8). To find the turbulent velocity
scaling, we define β as follows:
1
2
〈
ρv2
〉
= βτ. (11)
The midplane turbulent velocity scaling is then〈
v2c
〉〈
v2c,0
〉 =( α
α0
)−1(
β
β0
)(
κ
κ0
)−2 (
Ωz
Ωz,0
)2
(
∂xvy
∂xvy,0
)−2 (
Σ
Σ0
)−2
. (12)
Table 2. Ratios of variables predicted using 110304a data to
variables measured in OPALR20, taking into account α/α0 =
2.38.
Variable Ratio
hscaled/h 0.9
Tg,c,scaled/Tg,c 1.0
Tbulk,c,scaled/Tbulk,c 0.9
To test these scalings, we scale the midplane values and
the scale height from 110304a to the simulation parame-
ters of OPALR20 and then divide by the actual midplane
values and the scale height in OPALR20 (Table 2). We as-
sume β/β0 = 1. Taking into account the empirical turbulent
stress ratio α/α0 = 2.38, we see that the resulting ratios
are all near unity, and that our scalings therefore capture
the essential physics in the shearing box. This is even more
remarkable given that our scalings only take into account
Thomson scattering and radiation diffusion, while the iron
opacity bump and vertical advection are non-trivial effects
in OPALR20.
The density and turbulent velocity profiles follow di-
rectly from Eqs. (7), (10), and (12), but the pressure profile,
which determines the gas temperature profile, is non-trivial.
The density profile is
ρ (z) =
(
Σ
Σ0
)(
h
h0
)−1
ρ0 (h0z/h) . (13)
The turbulent velocity profile is
v(z) =
(
α
α0
)−1/2 (
β
β0
)1/2(
κ
κ0
)−1(
Ωz
Ωz,0
)
(
∂xvy
∂xvy,0
)−1(
Σ
Σ0
)−1
v0(h0z/h). (14)
But scaling the radiation pressure profile by adjusting only
the scale height and the overall normalization is too simplis-
tic a scheme for the purpose of calculating spectra because
near the photosphere the flux begins to free stream and is
no longer carried by radiative diffusion. In such a scheme,
therefore, the profile will be least accurate in the region that
it is most important. This difficulty can be addressed by im-
posing a boundary condition at the photosphere. Inside the
photosphere,
Pph,in ∼ T 4ph,in ∼ (fcorTph,out)4 ∼ f4corF, (15)
where fcor is determined by the physics at the photosphere.
For example, if the opacity is dominated by coherent scat-
tering and the boundary condition is imposed at the effec-
tive photosphere, then fcor = fcol, the color correction. The
scaling for Pph,in is then
Pph,in =
(
fcor
fcor,0
)4 (
F
F0
)
Pph,in,0. (16)
The simplest scheme that imposes this boundary condition
is given by
P (z) =Pph,in +
(
Pc
Pc,0
)
(P0 (h0z/h)− P0 (h0zph/h)) , (17)
which we formally derive in Appendix B. We recall that
Pc/Pc,0 is given by Eq. (8). Since the pressure at the photo-
sphere is always orders of magnitude smaller than the mid-
c© 2015 RAS, MNRAS 000, 1–??
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plane pressure, we find that
P (0) ≈
(
Pc
Pc,0
)
P0 (0) , (18)
so that this scheme is self-consistent. Inside the photosphere
the gas temperature is coupled to the radiation temperature,
so in this region the gas temperature profile is then given by
T 4g,in(z) =T
4
g,ph +
(
Pc
Pc,0
)(
T 4g,0 (h0z/h)− T 4g,0 (h0zph/h)
)
,
(19)
where
T 4g,ph =
(
Pph,in
Pph,in,0
)
T 4g,ph,0. (20)
In order that the gas temperature profile be continuous, the
scaling outside the photosphere is given by
T 4g,out (z) =
(
Pph,in
Pph,in,0
)
T 4g,0 (zph,0 + h0(z − zph)/h) . (21)
Finally, we also need the scaling for the shear velocity profile,
which is trivially given by
vs (x) =
(
∂xvy
∂xvy,0
)(
h
h0
)
vs,0 (h0x/h) . (22)
We define zph to be where the scattering optical depth
τs = 1 (where subscript “s” denotes scattering) and set
fcor/fcor,0 = 1. Near the photosphere magnetic pressure be-
gins to play a major role in hydrostatic equilibrium (e.g.
Blaes, Hirose & Krolik 2007), and near the effective photo-
sphere the gas temperature begins to diverge from the radi-
ation temperature, so we acknowledge that the assumptions
underlying our scheme do not reflect the detailed physics in
this region. But since our goal is only to calculate spectra,
for optical depths τs ≪ 1 the accuracy of this scheme is not
important. We can assess the validity of this scheme in the
region τs ≈ 1 by comparing the flux from spectral calcu-
lations with the intended flux given by Eq. (9), or, equiv-
alently, by comparing the corresponding Eddington ratios.
In section 3.1, we make this comparison for each set of scal-
ing parameters we use and find that they generally agree
to within 10%. More importantly, we find that normalizing
the spectra at different radii so that their corresponding Ed-
dington ratios match has a neglible impact on the observed
spectrum when contrasted with the discrepances between
spectral calculations with and without bulk velocities. In
other words, because the potential error is significantly less
than the effect we are measuring, our scaling scheme is ad-
equate.
These are the appropriate equations for scaling data to
a different set of fundamental shearing box simulation pa-
rameters, in particular Ωz, ∂xvy , and Σ. If we substitute in
Eq. (9) for Σ, we can alternatively regard F as a fundamen-
tal parameter instead of Σ. Shearing box scalings in terms
of F are given in Appendix C. This substitution is useful
in order to scale to a different set of fundamental accretion
disc parameters, since it is straightforward to express F in
terms of accretion disc radius, mass, and accretion rate. The
scalings for Ωz, ∂xvy, and F for both Newtonian and Kerr
discs, allowing for a non-zero stress inner boundary condi-
tion, are given in Appendix D. The final scalings for ρ, Tg,
v, and vs in terms of fundamental accretion disc parameters
are given in Appendix E. We only use Kerr scalings for our
spectral calculations, but the Newtonian scalings are poten-
tially useful for the purpose of comparing with other works
in which Newtonian parameters are used and also for devel-
oping physical intuition.
2.3 Dependence of turbulent Comptonization on
radius
To characterize the contribution of turbulent Comptoniza-
tion, we must model spectra at multiple radii. Our choice
of radii is guided by the scaling of the ratio of bulk to ther-
mal electron energies. We estimate this effect for a disc with
no spin and a stress-free inner boundary condition with the
Newtonian scalings in Appendix E. The bulk velocity scaling
is 〈
v2turb
〉 ∼ r−3 (1−√rin/r)2 . (23)
The photosphere thermal velocity scaling is
〈
v2th,ph
〉 ∼ r−3/4 (1−√rin/r)1/4 . (24)
The scaling for the ratio of bulk velocity to thermal velocity
at the photosphere is〈
v2turb
〉〈
v2th,ph
〉 ∼ r−9/4 (1−√rin/r)7/4 . (25)
We also calculate the scaling for the ratio of bulk to thermal
velocity using the midplane thermal velocity scaling, which
is
v2th,c ∼ r−3/8. (26)
The scaling for the ratio is〈
v2turb
〉〈
v2th,c
〉 ∼ r−21/8 (1−√rin/r)2 . (27)
We plot Eqs. (25) and (27) in Fig. 4, normalized to 30 gravi-
tational radii. We expect that turbulent Comptonization will
be most significant between 8 and 20 gravitational radii. We
verify this assumption in section 3. For our model we choose
to compute spectra at 30, 20, 14, 11, 10, 9.5, 9.0, 8.5, and 7.5
gravitational radii. We also run simulations for spin a = 0.5,
for which rin = 4.2. For these we compute spectra at 30, 20,
15, 12, 10, 8, 7, 6, 5.5, and 5 gravitational radii.
3 RESULTS
We compute the contribution of bulk Comptonization to the
soft X-ray excess and characterize our results with a temper-
ature and optical depth. Our fiducial mass,M = 2×106M⊙,
and Eddington ratio, L/LEdd = 2.5, were chosen to corre-
spond to those of the NLS1 source RE 1034+396 in D12
(Table 8). Table 4 summarizes our main results. The original
(unscaled) simulation parameters for 110304a are listed in
Table 1. Each system is modeled by calculating spectra with
and without the bulk velocities at the set of radii discussed in
section 2.3. The target L/LEdd is the Eddington ratio that
would correspond to the observed flux at 30 gravitational
radii if the scaling scheme were exact. The turbulent stress
c© 2015 RAS, MNRAS 000, 1–??
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Table 3. Simulation set independent variables
Set Type M/M⊙ L/LEdd (target) a α/α0 vturb vshear
a Full 2× 106 2.5 0 1 Y Y
a2 Truncated, emissivity at base 2× 106 2.5 0 1 Y Y
b Full 2× 106 2.5 0 1 Y N
b2 Truncated, emissivity at base 2× 106 2.5 0 1 Y N
c Full 2× 106 2.5 0 2 Y Y
c2 Truncated, emissivity at base 2× 106 2.5 0 2 Y Y
d Full 2× 106 2.5 0.5 1 Y Y
d2 Truncated, emissivity at base 2× 106 2.5 0.5 1 Y Y
e Full 2× 107 2.5 0 1 Y Y
e2 Truncated, emissivity at base 2× 107 2.5 0 1 Y Y
Table 4. Results for full atmosphere spectral calculations
Set M/M⊙ L/LEdd (target) a α/α0 vturb vshear L/LEdd (observed) kTe (keV) τ rcor(rg) yp χ
2/ν
a 2× 106 2.5 0 1 Y Y 2.5 0.14 ± 0.0067 15± 1.4 20 0.26 1
b 2× 106 2.5 0 1 Y N 2.5 0.18 ± 0.056 11± 4.2 14 0.14 1.7
c 2× 106 2.5 0 2 Y Y 2.3 0.17 ± 0.012 17± 1.8 20 0.38 2.3
d 2× 106 2.5 0.5 1 Y Y 2.3 0.21 ± 0.011 12± 0.82 20 0.22 1.9
e 2× 107 2.5 0 1 Y Y 2.1 0.081 ± 0.0075 24± 4.1 20 0.37 0.87
5 10 15 20 25 30
r/rg
0.0
0.5
1.0
1.5
2.0
2.5
3.0
3.5
〈 v2 tur
b
〉 /〈 v
2 th
〉
Photosphere
Midplane
Figure 4. Scaling for the relative magnitude of the turbulent
velocity for rin = 6rg, normalized to r = 30rg.
scaling is given by α/α0. In all cases, ∆ǫ = 0 (Appendix D),
which imposes the stress-free inner boundary condition. The
choices of whether or not to include turbulent and shear ve-
locities in the spectral calculations with bulk velocities are
indicated by vturb and vshear, respectively. The Compton y
parameter is calculated from the fitted temperature and op-
tical depth. To calculate χ2/ν, we first correct for uncer-
tainty in the overall normalization of the data point errors
by normalizing them to the standard deviation calculated
from the fit for set (a) (shown in Fig. 5). In section 3.1, we
discuss the results of each set. To provide physical insight
into the physics of bulk Comptonization, we also perform
spectral calculations in which the simulation data was trun-
cated at the effective photosphere and the emissivity was set
to zero everywhere except in the cells at the base. Table 5
summarizes these results, which we discuss in section 3.2.
For clarity, in Table 3 we list the independent variables for
all simulation sets.
102
hν (eV)
1041
1042
1043
1044
1045
νL
ef
f,
ν (
er
g 
s−
1
)
set (a), no BC + Komp
set (a), no BC
set (a), BC
Figure 5. Observed disc spectra computed for set (a). BC (bulk
Comptonization) means bulk velocities were included. Komp
means the zero bulk Comptonization spectrum from each radius
for r 6 rcor was passed through a warm Comptonizing medium
with the parameters given in Table 4.
Table 7. Flux normalizations to the Eddington ratio at r = 30rg
for set (a).
r/rg Flux norm (No BC) Flux norm (BC)
30 1 1
20 1.04 1.10
14 1.04 1.15
11 0.99 1.06
10 0.95 0.96
9.5 0.92 0.94
9.0 0.91 0.89
8.5 0.90 0.87
7.5 1.03 1.06
3.1 Full spectral calculations
The observed spectrum for set (a) computed with and with-
out the bulk velocities along with the Kompaneets fit are
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Table 5. Results for truncated atmosphere spectral calculations with emissivity only at the base.
Set M/M⊙ L/LEdd (target) a α/α0 vturb vshear kTe (keV) τ rcor(rg) yp χ
2/ν
a2 2× 106 2.5 0 1 Y Y 0.14± 0.0065 16± 1.4 30 0.26 0.67
b2 2× 106 2.5 0 1 Y N 0.13± 0.013 12± 2.5 20 0.15 1.3
c2 2× 106 2.5 0 2 Y Y 0.18± 0.015 14± 1.4 30 0.28 0.93
d2 2× 106 2.5 0.5 1 Y Y 0.18± 0.011 14± 1.2 20 0.28 0.93
e2 2× 107 2.5 0 1 Y Y 0.074± 0.0040 32± 4.5 20 0.57 0.52
Table 6. Goodness of fit of parameters derived from truncated atmosphere spectral calculations to observed spectra calculated with the
full atmosphere.
Set kTe (keV) τ rcor(rg) yp χ2/ν
a 0.14 16 30 0.26 1.6
b 0.13 12 20 0.15 2.0
c 0.18 14 30 0.28 2.6
d 0.18 14 20 0.28 1.9
e 0.074 32 20 0.57 1.1
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Figure 7. Observed disc spectra computed for sets (a) and (b).
BC (bulk Comptonization) means bulk velocities were included.
Set (a) includes both turbulence and shear. Set (b) includes only
turbulence.
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Figure 8. Observed disc spectra computed for sets (a) and (c).
BC (bulk Comptonization) means bulk velocities were included.
For set (a) the turbulent stress scaling α/α0 is 1. For set (c),
α/α0 = 2.
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Figure 9. Observed disc spectra computed for sets (a) and (d).
BC (bulk Comptonization) means bulk velocities were included.
For set (a), the spin parameter a = 0. For set (d), a = 0.5.
shown in Figure 5. We see that the fit is excellent, which
means that bulk Comptonization here is well modeled by
thermal Comptonization with a fitted temperature and op-
tical depth. We note that the observed L/LEdd matches the
target L/LEdd, which confirms that our scaling scheme is
self-consistent. The required flux normalizations given the
flux at 30 gravitational radii are given in Table 7. They
hardly deviate from unity, which provides another check for
the self-consistency of our scalings. In Fig. 6 we show local
spectra at multiple radii for set (a). We see that the spec-
tra passed through the warm Comptonizing medium fit the
spectra calculated with bulk velocities for 9.5rg 6 r 6 20rg,
but overshoot them for r = 7.5rg and r = 30rg. This con-
firms that bulk Comptonization is most significant in the
region we expected it to be (section 2.3). Furthermore, this
is consistent with the value we find for rcor, since we expect
the best fit to be obtained when the Comptonizing medium
is restricted to the region in which bulk Comptonization is
most significant.
For set (b) we calculate spectra without the background
shear to isolate the effect of turbulence. The resulting ob-
served spectrum is plotted in Figure 7. We see that the spec-
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Figure 6. Disc spectra at select radii, labeled at the top of each plot, computed for set (a). BC (bulk Comptonization) means bulk
velocities were included. Komp means the zero bulk Comptonization spectrum was passed through a warm Comptonizing medium with
the parameters given in Table 4.
trum computed without shear lies significantly closer to the
spectrum computed with shear than to the spectrum com-
puted without the bulk velocities. This indicates that bulk
Comptonization is primarily due to turbulence, not shear.
For set (c) we test the robustness of our results by re-
peating spectral calculations with a different turbulent stress
scaling ratio, α/α0 = 2. For OPALR20 (section 2.2), for
example, α/α0 = 2.38. The resulting observed spectrum is
plotted in Figure 8. We see that although the observed spec-
trum computed with α/α0 = 2 is Comptonized more than
the spectrum computed with α/α0 = 1, the effect is not
huge. In particular, the fitted temperature and optical depth
are only 21% and 13% higher, respectively. Since the turbu-
lent velocity squared scales as α (Eq. C4), one might expect
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Figure 10. Observed disc spectra computed for sets (a) and (a2).
In set (a2), the atmosphere is truncated at the effective photo-
sphere and the emissivity is zero everywhere except at in the cells
at the base.
that the fitted temperature would also scale as α, but this
neglects the contribution by shear as well as the fact that
we are fitting the optical depth along with the temperature
rather than holding the optical depth fixed. The magnitude
of bulk Comptonization is better indicated by yp. From set
(b) we see that for α/α0 = 1, yp = 0.14 for turbulence
alone. From sets (a) and (b) we infer that for α/α0 = 1,
yp = 0.26 − 0.14 = 0.12 for shear alone. We would expect,
therefore, that for α/α0 = 2, yp = 2 × 0.14 + 0.12 = 0.40,
which is very close to the fitted value yp = 0.38.
For set (d) we explore the effect of varying the spin pa-
rameter by setting a = 0.5. The resulting observed spectrum
is plotted in Figure 9. As expected, the original spectra com-
puted without bulk velocities are hotter and more luminous
for the higher spin parameter since the accretion efficiency
is higher. But the effect of bulk Comptonization is compara-
ble. The fitted temperature is slightly higher, but the fitted
optical depth is slightly lower, leading to an effect that is
nearly the same.
Finally, for set (e) we use a higher mass, M = 2 ×
107M⊙. The fitted temperature is lower, consistent with the
dependence of overall accretion disc temperature on mass.
But the larger value of yp indicates that the effect of bulk
Comptonization on the spectrum is greater. This is consis-
tent with Eq. (1), since the ratio of radiation to gas pressure
increases with mass (SS73).
3.2 Truncated atmosphere spectral calculations
with emissivity only at the base
We expect that bulk Comptonization is predominantly ex-
plained by the Comptonization of photons emitted at the ef-
fective photosphere. We discuss this in detail in section 4.2.
To test this picture, we repeat spectral calculations with the
parameters given in Table 4 but truncate the atmosphere at
the effective photosphere and set the emissivity to zero ev-
erywhere except in the cells at the base. Table 5 summarizes
these results.
For these calculations the observed spectra are differ-
102
hν (eV)
1041
1042
1043
1044
1045
νL
ef
f,
ν (
er
g 
s−
1
)
set (a), no BC + Komp
set (a), no BC + Komp 2
Figure 11. Observed disc spectra computed for set (a). BC (bulk
Comptonization) means bulk velocities were included. Komp
means the zero bulk Comptonization spectrum from each radius
for r 6 rcor was passed through a warm Comptonizing medium
with the parameters given in Table 4. For Komp 2 the parameters
used are those fit to set (a2), given in Table 5.
ent, but we expect the effect of bulk Comptonization on the
observed spectra to be nearly unchanged. For example, the
spectra computed without velocites for sets (a) and (a2),
normalized to the total flux of (a), are plotted in Fig. 10.
The spectra coincide at high energies and diverge at low
energies since photons emitted from lower temperature re-
gions are omitted in (a2). But the fitted temperatures and
optical depths for corresponding sets are very similar, which
supports our picture of bulk Comptonization.
For sets (a) to (e), we also pass the spectra computed
without the bulk velocities through a warm Comptonizing
medium with the temperatures and optical depths fit to sets
(a2) to (e2), respectively, and see whether the results fit the
spectra computed with the bulk velocities. For each case
we calculate χ2/ν to assess the goodness of fit and list the
results in Table 6. In Fig. 11 for set (a) we plot the observed
spectrum obtained by this procedure as well as the original
fit. We see that the two curves nearly coincide and note
that the corresponding values of χ2/ν differ by 0.6. For the
other pairs of sets the corresponding values of χ2/ν differ by
even less, which again confirms our expectation that bulk
Comptonization is due to the Comptonization of photons
emitted at the effective photosphere.
4 DISCUSSION
4.1 Comparison with RE1034+396
In NLS1s the Wien tail of the intrinsic disc spectrum con-
tributes to the soft excess (D12). Bulk Comptonization in-
creases the contribution to the soft excess by shifting the
Wien tail to higher energy. Since bulk Comptonization in-
creases with accretion rate, we expect this contribution to
be greatest in near and super-Eddington sources. In broad
line Seyferts, the ratio of radiation to gas pressure is too
low for bulk Comptonization to be significant. We com-
pare our results to the analysis by D12 of RE1034+396,
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Table 8. Fits to observed NLS1s
Source Model Reference M/M⊙ L/LEdd kTe (keV) τ yp
RE1034+396 OPTXAGNF D12 1.9× 106 2.4 0.23± 0.03 11± 1 0.22
a super-Eddington NLS1 with an unusually large soft ex-
cess. This analysis is summarized in Table 8. The compari-
son is appropriate because the mass and Eddington ratio we
chose for our spectral calculations correspond to those fit to
RE1034+396, though we do note that our model for Comp-
tonization is more detailed than the one in D12.2 We see
that the Compton y parameter, yp = 0.22, which character-
izes the overall impact of Comptonization on the spectrum,
is remarkably similar to the values we found. The fitted tem-
perature and optical depth are also similar to our values. It
may be, therefore, that the soft excess is unusually large in
this system because of the contribution of bulk Comptoniza-
tion.
A soft excess is also present in less luminous AGN for
which bulk Comptonization is unlikely to be significant, and
in general it seems that no single physical effect can fully ex-
plain the soft excess in all AGN. Until the contribution to
the soft excess by other proposed mechanisms such as reflec-
tion and absorption are better understood, it will be difficult
to tease out the contribution of bulk Comptonization. But
our calculations show that if this can be done then observa-
tions of the soft excess can be used to constrain properties
of the turbulence as well as other disc parameters.
4.2 Physical interpretation of results
Comptonization of photons by bulk motions is due to effects
both first and second order in velocity (KB16). The Kom-
paneets equation, which describes thermal Comptonization,
cannot be used to describe first order effects, but KB16
showed that for incompressible motions in a periodic box
with an escape probability, it does capture second order
effects. The Kompaneets temperature for bulk velocities,
which is a function of the photon mean free path, is given
by
kBTKomp =
−2λpmec
E
〈
P ij (∂ivj + ∂jvi)
〉
, (28)
where E is the radiation energy density and P ij is the radia-
tion pressure tensor. Note that only the traceless part of the
pressure tensor, which is the shear stress, contributes since
this result assumes incompressible motions. We see that the
Kompaneets temperature for bulk velocities is proportional
to the stress multiplied by the strain rate, which is just the
viscous dissipation of bulk motions by the photons. A strat-
ified disc atmosphere is more complex than a periodic box,
but the Kompaneets equation may still adequately describe
second order effects.
For our spectral calculations bulk Comptonization is
well described by the Kompaneets equation, which suggests
2 In particular, in D12 the photon spectrum passed through the
warm Comptonizing medium is given by the spectrum at rcor and
only the overall normalization varies with radius. This choice was
made to minimize computation time.
that second order effects, not first order effects, are domi-
nant. This may be because MRI turbulence is incompress-
ible and first order effects vanish for incompressible, but not
compressible, turbulence (KB16). On the other hand, the
photosphere regions are magnetically dominated and show
considerable compressible motions because of the Parker
instability (Blaes, Hirose & Krolik 2007), so it seems more
likely that first order effects average out.
Assuming second order effects are dominant, we can
gain physical insight into the fitted temperatures and opti-
cal depths by considering the dependence of the shear stress,
P ij , on the photon mean free path. The stress is largest when
the photon mean free path is long relative to the maximum
turbulence wavelength, and is proportional to the square of
the photon mean free path when it is small (KB16). There-
fore, Comptonization is only significant in the region near
enough to the photosphere that the photon mean free path
is comparable to the maximum turbulence wavelength. The
resulting Comptonization temperature and optical depth
should be the same for all photons emitted below this re-
gion. Inside this region, on the other hand, photons emitted
nearer the photosphere should have comparatively larger
Comptonization temperatures and smaller optical depths.
For real disc atmospheres, which are stratified in (gas) tem-
perature, photons contributing to the spectral peak are pre-
dominantly emitted at the effective photosphere, which for
modest turbulence should be below the region where bulk
Comptonization is significant. We therefore expect the re-
sulting Comptonization temperature and optical depth to
be unchanged when we truncate the atmosphere at the ef-
fective photosphere and set the emissivity equal to zero ev-
erywhere except at the base. Our findings confirm this. This
is also useful because these spectral calculations run much
faster which allows for a more efficient exploration of the
disc parameter space.
4.3 Self-consistency of results with shearing box
simulations
We see that when bulk velocities are included in spectral
calculations, the observed spectrum is shifted to higher en-
ergy. In particular, the Wien tail is shifted right. While this
allows us to characterize bulk Comptonization with a tem-
perature and optical depth as a function of accretion disc
parameters, to determine the actual impact on disc spec-
tra we must consider whether our spectral calculations are
consistent with the underlying shearing box simulations on
which they are based.
In section 4.2 we showed that bulk Comptonization here
is predominantly an effect that is second order in velocity,
but the underlying shearing box simulations (Hirose et al.
2009) do not include this effect because the flux limited dif-
fusion approximation is used (KB16). Therefore, according
to this picture we expect the spectral calculations without
the bulk velocities to be consistent with the flux found in
the underlying shearing box simulation. In order to deter-
mine the effect of including the bulk velocities on the result-
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ing spectra we must take into account the back reaction on
the vertical structure. Since adding in bulk Comptonization
without modifying the vertical structure increases the flux
and violates energy conservation, including this effect in the
underlying shearing box simulation would lower the gas tem-
perature until energy conservation is restored. Therefore, for
significant Comptonization, while the Wien tail shifts to the
right, the spectral peak shifts to the left. The overall effect,
therefore, is to broaden the spectrum. In practice, if the
Comptonization temperature is only slightly higher than the
gas temperature then the spectrum will still be broadened
but without an obvious leftward shift of the spectral peak.
Because the decrease in gas temperature as well as
other changes in the vertical structure may then affect bulk
Comptonization, in theory the two should be calculated self-
consistently. Another complicating factor is vertical advec-
tion of radiation, a velocity dependent effect that increases
the number of photons emitted without affecting their en-
ergies, which also impacts energy conservation. But as long
as bulk Comptonization is a perturbative effect, our funda-
mental results should hold: Bulk Comptonization broadens
the spectrum by lowering the gas temperature and shifting
the Wien tail to higher energy such that the total energy
is conserved, and the characteristic temperatures and opti-
cal depths are given by Table 4. Furthermore, our method
can be used to explore how bulk Comptonization scales with
different parameters such as the mass, accretion rate, spin,
turbulent stress scaling, and boundary condition at the in-
nermost stable circular orbit.
4.4 Bulk Comptonization by the background
shear
Our results suggest that Comptonization by bulk motions
is predominantly due to turbulence, not shear. But since
Comptonization by shear is not negligible, here we consider
how it differs from Comptonization by turbulence, both in
its potential effect on spectra and on the disc vertical struc-
ture.
From the perspective of total energy conservation, bulk
Comptonization by the background shear at a given radius
should have the same impact on the spectrum as turbulent
Comptonization. It should shift the Wien tail to the right
and decrease the gas temperature, broadening the spectrum.
This is because the effective temperature for a steady state
disc at a given radius is strictly fixed by the mass, mass
accretion rate, and radius.
But Comptonization by the background shear plays a
completely different role in the disc equations than Comp-
tonization by turbulence. For the latter, the stress on the
mean fluid flow is still entirely determined by MRI turbu-
lence. For the α prescription, for example, the value of α
is still set by the saturation level of the magnetic field and
is therefore presumably unchanged. But Comptonization by
shear is an additional stress on the mean fluid flow, and
would therefore presumably increase α. Since Comptoniza-
tion by shear, at least in the regimes we have explored here,
has only a perturbative effect on the spectrum, we expect
any increase in α to be small. This is physically intuitive
since dissipation by shear can be significant only near the
photosphere where the mean free path is larger (see section
4.2), whereas dissipation by MRI turbulence is significant
throughout the body of the disc.
An interesting consequence of the difference between
Comptonization by turbulence and background shear is that
they have different effects on the total flux emitted from a
shearing box. In a shearing box the density, not the radius,
is fixed, and the flux depends on α (Eq. 9). For Comp-
tonization by turbulence, unless the MRI is affected, α is
unchanged, and the gas temperature must decrease so that
the flux is unchanged. But for Comptonization by the back-
ground shear, an additional source of stress on the mean flow
is present, which modifies α and allows the flux to change.
According to Eq. (9) we would ironically expect the flux to
decrease rather than increase, but we should not take this
prediction seriously. Comptonization by bulk motions is only
significant near the photosphere where predominantly mag-
netic pressure, not radiation pressure, supports the atmo-
sphere, so a small perturbation to α confined to this region
cannot be treated self-consistently by the standard α disc
equations.
Of course, in practice it is not well understood what
determines α; it is possible that even Comptonization by
turbulence indirectly affects α. It is also possible that Comp-
tonization by the background shear indirectly decreases the
saturation level of the magnetic field so that the net effect
is to leave α unchanged. Our point is that Comptonization
by turbulence and Comptonization by the background shear
play different roles in the disc equations and therefore po-
tentially have different effects on the vertical structure.
5 SUMMARY
We modeled the contribution of bulk Comptonization to the
soft X-ray excess in AGN. To do this, we calculated disc
spectra both taking into account and not taking into ac-
count bulk velocities with data from radiation MHD sim-
ulations. Because our simulation data was limited, we de-
veloped a scheme to scale the disc vertical structure to dif-
ferent values of radius, mass, and accretion rate. For each
parameter set, we characterized our results by a tempera-
ture and optical depth in order to facilitate comparisons with
other warm Comptonization models of the soft excess. We
chose our fiducial mass,M = 2×106M⊙, and accretion rate,
L/LEdd = 2.5, to correspond to the values fit by D12 to the
super-Eddington narrow-line Seyfert 1 RE1034+396, which
has an unusually large soft excess. Our principle results are
as follows.
For zero spin, when Comptonization by both turbulence
and the background shear are included, the Compton y pa-
rameter we find, yp = 0.26, is close to that found by D12
for RE1034+396, yp = 0.22. The temperature we find is a
bit lower (kT = 0.14keV vs. kT = 0.23keV), but the optical
depth is higher (τ = 15 vs. τ = 11). For spin a = 0.5, the cor-
respondence is remarkable; we find yp = 0.22, kT = 0.21keV,
and τ = 12. We find that bulk Comptonization is pri-
marily due to turbulence, not the background shear (Fig.
7). Both the fitted temperature and optical depth increase
moderately when we double the turbulent stress scaling to
α/α0 = 2. When we increase the mass, the fitted tempera-
ture decreases, but the y parameter increases. This indicates
that bulk Comptonization is more significant, which we ex-
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pect since the ratio of electron thermal to bulk velocities
depends on the ratio of radiation to gas pressure (Eq. 1),
which in turn scales with mass (SS73). Our results are given
in Table 4.
To enforce energy conservation, the impact of bulk
Comptonization on disc spectra is to shift the Wien tail to
the right while simultaneously lowering the gas temperature,
broadening the spectrum. Since we find that bulk Comp-
tonization is well described by the Kompaneets equation,
this suggests that it is predominantly an effect second or-
der in velocity (KB16). Knowledge of this is important for
self-consistently resolving bulk Comptonization in radiation
MHD simulations, since common closure schemes such as
flux limited diffusion do not include this effect (KB16).
The soft excess in general is unlikely due to a sin-
gle physical mechanism. Other contributing effects, such
as reflection and absorption, must be better understood to
make precise comparisons of predictions by models of bulk
Comptonization with observations. But the fact that our re-
sults, based simply on the most naive scalings, are in agree-
ment with observations suggests that at least in the super-
Eddington NLS1 regime bulk Comptonization may play a
significant role in producing the soft X-ray excess. If so,
observations of the soft excess can be directly tied to the
properties of MHD turbulence as well as fundamental disc
parameters.
ACKNOWLEDGEMENTS
We thank Yan-Fei Jiang for providing us with data from
the AGN shearing box simulations of Jiang et al. (2016).
We also thank Shane Davis for his Monte Carlo code
(Davis et al. 2009), which we modified to incorporate bulk
Comptonization. This work was supported by NASA Astro-
physics Theory Program grant NNX13AG61G and the In-
ternational Space Science Institute (ISSI) in Bern. SH was
supported by Japan JSPS KAKENH 15K05040 and the joint
research project of ILE, Osaka University. Numerical calcu-
lation of 110304a was partly carried out on the Cray XT4
at CfCA, National Astronomical Observatory of Japan, and
on SR16000 at YITP in Kyoto University.
REFERENCES
Agol E., 1997, Ph.D. Thesis, Univ. California, Santa Bar-
bara
Agol E., Krolik J.H., 2000, ApJ, 528, 161A
Arnaud K. A. et al., 1985, MNRAS, 217, 105
Blaes O. M., Hirose S., Krolik J. H., 2007, ApJ, 664, 1057
Crummy J., Fabian A. C., Gallo L., Ross R. R., 2006, MN-
RAS, 365, 1067
Davis S. W., Blaes O. M., Hirose S., Krolik J. H., 2009,
ApJ, 703, 569
Dewangan G. C., Griffiths R. E., Dasgupta S., Rao A. R.,
2007, ApJ, 671, 1284
Done C., Davis S. W., Jin C., Blaes O., Ward M., 2012,
MNRAS, 420, 1848
Fukumura K., Hendry D., Clark P., Tombesi F., Takahashi,
M., 2016, ApJ, 827, 31F
Gierliski M., Done C., 2004, MNRAS, 349, L7
Hirose S., Krolik J. H., Blaes O. M., 2009, ApJ, 691, 16
Szymkowiak A. E., White N. E., 1980, ApJ, 241, L13
Janiuk A., Czerny B., Madejski G. M., 2001, ApJ, 557, 408
Jiang Y.-F., Stone J. M., Davis S. W., 2013, ApJ, 778, 65
Jiang Y.-F., Davis S. W., Stone J. M., 2016, 827, 10J
Jin C., Done C., Ward M., Gierlinski M., Mullaney J., 2009,
MNRAS, 398, L16 Matsumoto R., 2012, ApJ, 752, 18
Kaufman J., Blaes O.M., 2016, MNRAS, 459, 1790K
Magdziarz P., Blaes O. M., Zdziarski A. A., Johnson W.
N., Smith D. A., 1998, MNRAS, 301, 179
Mehdipour M. et al., 2011, A&A, 534, A39
Middleton M., Done C., Ward M., Gierlinski M., Schurch
N., 2009, MNRAS, 394, 250
Pal M., Dewangan G. C., Misra R., Pawar P. K., 2016,
MNRAS, 457, 875
Pozdnyakov L. A., Sobol I. M., & Sunyaev R. A., 1983,
Astrophys. Space Phys. Rev., 2, 189
Riffert H., Herold H., ApJ, 450, 508
Ross R. R., Fabian A. C., 2005, MNRAS, 358, 211
Schurch N. J., Done C., 2007, MNRAS, 381, 1413
Shakura N. I., Sunyaev R. A., 1973, A&A, 24, 337
Singh K. P., Garmire G. P., Nousek J., 1985, ApJ, 297, 633
Socrates A., Davis S. W., Blaes O. M., 2004, ApJ, 601, 405
Vasudevan R. V., Mushotzky R. F., Reynolds C. S., Fabian
A. C., Lohfink A. M., Zoghbi A., Gallo L. C., Walton D.,
2014, ApJ, 785, 30
Zhang S. N., Cui W., Chen. W., 1997, ApJ, 482L, 155Z
Zhong X., Wang J., 2013, ApJ, 773, 23
APPENDIX A: MONTE CARLO
IMPLEMENTATION OF BULK COMPTON
SCATTERING
We incorporated bulk velocities into the Monte Carlo
code used by Davis et al. (2009), which is based on the
statistically weighted photon packet method described in
Pozdniakov et al. (1983). Although the applications in this
paper are nonrelativistic, we use exact Lorentz transforms.
To test our code, we ran simulations with relativistic veloc-
ity fields and checked that spectra resulting from Lorentz
transforming the emissivity were the same as spectra from
simulations with a Lorentz-boosted field. We also ran sim-
ulations of Comptonization by divergenceless velocity fields
and checked that the results were in agreement with the
results of KB16.
The modifications we made in order to take bulk ve-
locites into account are as follows. Photon packets are sam-
pled from an emission function defined in the fluid frame,
η0(ǫ0, ℓˆ0), such as thermal brehmsstrahlung. The variables
ǫ0 and ℓˆ0 denote the fluid frame photon energy and an-
gle, respectively. Since the density grid is defined in the lab
frame, we transform the density at a given point to the
fluid frame before evaluating η0(ǫ0, ℓˆ0). In this frame, the
number of photons with energies between ǫ0 and ǫ0 + dǫ0
within a solid angle dΩ0 per unit time per unit volume
is f0(ǫ0, ℓˆ0)dǫ0dΩ0 = [η0(ǫ0, ℓˆ0)/ǫ0]dǫ0dΩ0. The photon
packet is then assigned a fluid frame statistical weight pro-
portional to f0(ǫ0, ℓˆ0). Lab frame energies and directions are
calculated with standard Lorentz transforms, but calculat-
ing the correct lab frame statistical weight is more subtle.
Since we want to sample from the lab frame photon number
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emissivity (i.e., per unit time, per unit volume) distribution
f(ǫ, ℓˆ),
f(ǫ, ℓˆ) =
η(ǫ, ℓˆ)
ǫ
=
(
ǫ
ǫ0
)
η0(ǫ0, ℓˆ0)
ǫ0
=
(
ǫ
ǫ0
)
f0(ǫ0, ℓˆ0), (A1)
it may seem that the fluid frame statistical weight should
be multiplied by ǫ/ǫ0, but this is in fact incorrect. To see
why, note that even without changing the statistical weight,
simply boosting the energy and direction already results in
a new distribution,
f0(ǫ0(ǫ, ℓˆ), ℓˆ0(ǫ, ℓˆ))
∂(ǫ0, ℓˆ0)
∂(ǫ, ℓˆ)
, (A2)
which differs from the original distribution by the change of
measure factor. Since the evaluation of this factor yields
∂(ǫ0, ℓˆ0)
∂(ǫ, ℓˆ)
=
ǫ
ǫ0
, (A3)
it so happens that the new distribution is already the lab
frame photon number emissivity:
f0(ǫ0(ǫ, ℓˆ), ℓˆ0(ǫ, ℓˆ))
∂(ǫ0, ℓˆ0)
∂(ǫ, ℓˆ)
= f0(ǫ0(ǫ, ℓˆ), ℓˆ0(ǫ, ℓˆ))
ǫ
ǫ0
= f(ǫ, ℓˆ). (A4)
Therefore, the fluid frame and lab frame statistical weights
are equal. Once a photon packet’s lab frame energy, direc-
tion, and statistical weight are assigned, the method used
to evolve it is in essence the same as in Davis et al. (2009).
Fluid frame parameters are self-consistently used in scat-
tering events, and lab frame parameters are used to calcu-
late changes in photon position between events. Fluid frame
absorption coefficients are evaluated with densities trans-
formed to the fluid frame.
APPENDIX B: DERIVATION OF THE
RADIATION PRESSURE PROFILE SCALING
The hydrostatic equilibrium equation is
dP
dz
= −ρzΩ2z, (B1)
where Ωz is the vertical epicyclic frequency. The pressure
profile is
P (z) =Pph,in + Ω
2
z
∫ zph
z
ρ
(
z′
)
z′dz′
=Pph,in + Ω
2
z
(
Σ
Σ0
)(
h
h0
)−1 ∫ zph
z
ρ0
(
h0z
′/h
)
z′dz′
=Pph,in + Ω
2
z
(
Σ
Σ0
)(
h
h0
)−1(∫ hzph,0/h0
z
−
∫ hzph,0/h0
zph
)
ρ0
(
h0z
′/h
)
z′dz′, (B2)
where the subscript “ph” denotes a value at the photosphere.
Therefore,
P0 (h0z/h) =Pph,in,0
+ Ω2z,0
(
h
h0
)−2 ∫ hzph,0/h0
z
ρ0
(
h0z
′/h
)
z′dz′
(B3)
and
P0 (h0zph/h) =Pph,in,0
+Ω2z,0
(
h
h0
)−2 ∫ hzph,0/h0
zph
ρ0
(
h0z
′/h
)
z′dz′.
(B4)
Substitution of Eq. (B3), Eq. (B4), and Eq. (2) into Eq. (B2)
gives Eq. (17).
APPENDIX C: SHEARING BOX SCALINGS IN
TERMS OF FLUX, SHEAR, AND VERTICAL
EPICYCLIC FREQUENCY
The surface density scaling is(
Σ
Σ0
)
=
(
α
α0
)−1(
κ
κ0
)−2(
Ωz
Ωz,0
)2(
∂xvy
∂xvy,0
)−1(
F
F0
)−1
.
(C1)
The scale height scaling is(
h
h0
)
=
(
κ
κ0
)(
Ωz
Ωz,0
)−2 (
F
F0
)
. (C2)
The density profile scaling is
ρ (z) =
(
α
α0
)−1(
κ
κ0
)−3(
Ωz
Ωz,0
)4 (
∂xvy
∂xvy,0
)−1
(
F
F0
)−2
ρ0 (h0z/h) . (C3)
The scalings for the pressure and gas temperature profiles
are given by Eqs. (17), (19), and (21). The turbulent velocity
profile scaling is
v(z) =
(
α
α0
)1/2 (
β
β0
)1/2(
κ
κ0
)(
Ωz
Ωz,0
)−1
(
F
F0
)
v0(h0z/h). (C4)
The shear velocity profile scaling is
vs (x) =
(
κ
κ0
)(
Ωz
Ωz,0
)−2 (
∂xvy
∂xvy,0
)(
F
F0
)
vs,0 (h0x/h) .
(C5)
APPENDIX D: SCALINGS FOR FLUX, SHEAR
AND VERTICAL EPICYCLIC FREQUENCY IN
TERMS OF RADIUS, MASS, AND ACCRETION
RATE
D1 Newtonian scalings
Let M and M˙ be the mass and mass accretion rate, respec-
tively. Define r = R/Rg and m˙ = M˙/M˙Edd. We also define
η =
1
2rin
. (D1)
c© 2015 RAS, MNRAS 000, 1–??
14 J. Kaufman, O. M. Blaes, and S. Hirose
The flux, derived from energy and angular momentum con-
servation, is given by Agol & Krolik (2000) Eq. (11):
F =
3GMM˙
8πR3
(
1−
√
rin/r +
(√
rin/r
)
rin∆ǫ
)
, (D2)
where ∆ǫ is the change in efficiency due to a non-zero stress-
free inner boundary condition. The flux scaling is(
F
F0
)
=
(
r
r0
)−3 (
M
M0
)−1(
m˙
m˙0
)(
η +∆ǫ
η0 +∆ǫ0
)−1

 1−
√
rin/r +
(√
rin/r
)
rin∆ǫ
1−
√
rin,0/r0 +
(√
rin,0/r0
)
rin,0∆ǫ0

 . (D3)
The vertical epicyclic frequency is
Ωz =
√
GM
R3
. (D4)
The scaling for the vertical epicyclic frequency is(
Ωz
Ωz,0
)
=
(
M
M0
)−1(
r
r0
)−3/2
. (D5)
The strain rate is
∂xvy =
3
2
√
GM
R3
. (D6)
The strain rate scaling is(
∂xvy
∂xvy,0
)
=
(
M
M0
)−1 (
r
r0
)−3/2
. (D7)
D2 Kerr scalings
Let M and M˙ be the mass and mass accretion rate, respec-
tively. Let R be the Boyer-Linquist radial coordinate and
a be the dimensionalized spin parameter. Define r = R/Rg
and m˙ = M˙/M˙Edd. The expressions for A, B, C, D, and E
are given by Riffert & Herold (1995) (hereafter, RH95) Eq.
(6). In terms of the dimensionalized variables, they are
A = 1− 2
r
+
a2
r2
, (D8)
B = 1− 3
r
+
2a
r3/2
, (D9)
C = 1− 4a
r3/2
+
3a2
r2
, (D10)
D =
1
2
√
r
∫ r
rin
x2 − 6x+ 8a√x− 3a2√
x (x2 − 3x+ 2a√x) dx, (D11)
E = 1− 6
r
+
8a
r3/2
− 3a
2
r2
, (D12)
where rin is given by E(rin) = 0. We also define
η = 1−
(
1− 2
3rin
)1/2
, (D13)
the efficiency parameter assuming a stress-free inner bound-
ary condition. The flux is given by the thermal equilibrium
equation, RH95 Eq. (19), modified by the non-zero stress
inner boundary term in Agol & Krolik (2000) Eq. (8):
F =
3M˙M
8πR3
B−1
(
r
3/2
in B(rin)
1/2∆ǫr−1/2 +D
)
, (D14)
where ∆ǫ is the change in efficiency due to a non-zero stress-
free inner boundary condition. The flux scaling is(
F
F0
)
=
(
r
r0
)−3(
M
M0
)−1(
m˙
m˙0
)(
η +∆ǫ
η0 +∆ǫ0
)−1
(
B
B0
)−1(
r
3/2
in B(rin)
1/2∆ǫr−1/2 +D
r
3/2
in,0B(rin,0)
1/2∆ǫ0r
−1/2
0 +D0
)
.
(D15)
The vertical epicyclic frequency, inferred from RH95 Eq.
(12), is
Ωz =
√
GM
R3
CB−1. (D16)
The scaling for the vertical epicyclic frequency is(
Ωz
Ωz,0
)
=
(
M
M0
)−1(
r
r0
)−3/2 (
C
C0
)1/2(
B
B0
)−1/2
.
(D17)
The strain rate, inferred from RH95 Eq. (14), is
∂xvy =
3
2
√
GM
R3
AB−1. (D18)
The strain rate scaling is(
∂xvy
∂xvy,0
)
=
(
M
M0
)−1(
r
r0
)−3/2(
A
A0
)(
B
B0
)−1
. (D19)
APPENDIX E: SHEARING BOX SCALINGS IN
TERMS OF RADIUS, MASS, AND ACCRETION
RATE
E1 Newtonian scalings
In this section we substitute the results of Appendix D1 into
the results of Appendix C. The density profile scaling is
ρ (z) =
(
α
α0
)−1 (
κ
κ0
)−3(
r
r0
)3/2 (
M
M0
)−1
(
m˙
m˙0
)−2(
η +∆ǫ
η0 +∆ǫ0
)2

 1−
√
rin/r +
(√
rin/r
)
rin∆ǫ
1−
√
rin,0/r0 +
(√
rin,0/r0
)
rin,0∆ǫ0


−2
ρ0 (h0z/h) .
(E1)
The pressure profile scaling is given by Eq. (17), and the gas
temperature profile scaling is given by Eqs. (19), (20), (21),
where(
Pc
Pc,0
)
=
(
α
α0
)−1 (
κ
κ0
)−1(
r
r0
)−3/2 (
M
M0
)−1
, (E2)
and
Pph =
(
fcor
fcor,0
)4(
r
r0
)−3 (
M
M0
)−1(
m˙
m˙0
)(
η +∆ǫ
η0 +∆ǫ0
)−1

 1−
√
rin/r +
(√
rin/r
)
rin∆ǫ
1−
√
rin,0/r0 +
(√
rin,0/r0
)
rin,0∆ǫ0

Pph,0.
(E3)
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The turbulent velocity profile scaling is
v(z) =
(
α
α0
)1/2 (
β
β0
)1/2(
κ
κ0
)(
r
r0
)−3/2 (
m˙
m˙0
)
(
η +∆ǫ
η0 +∆ǫ0
)−1

 1−
√
rin/r +
(√
rin/r
)
rin∆ǫ
1−
√
rin,0/r0 +
(√
rin,0/r0
)
rin,0∆ǫ0

 v0(h0z/h).
(E4)
The shear velocity profile scaling is
vs (x) =
(
κ
κ0
)(
r
r0
)−3/2 (
m˙
m˙0
)(
η +∆ǫ
η0 +∆ǫ0
)−1

 1−
√
rin/r +
(√
rin/r
)
rin∆ǫ
1−
√
rin,0/r0 +
(√
rin,0/r0
)
rin,0∆ǫ0

 vs,0 (h0x/h) .
(E5)
The surface density profile scaling is(
Σ
Σ0
)
=
(
α
α0
)−1 (
κ
κ0
)−2 (
r
r0
)3/2 (
m˙
m˙0
)−1

 1−
√
rin/r +
(√
rin/r
)
rin∆ǫ
1−
√
rin,0/r0 +
(√
rin,0/r0
)
rin,0∆ǫ0


−1
,
(E6)
and the scale height scaling is(
h
h0
)
=
(
κ
κ0
)(
M
M0
)(
m˙
m˙0
)(
η +∆ǫ
η0 +∆ǫ0
)−1

 1−
√
rin/r +
(√
rin/r
)
rin∆ǫ
1−
√
rin,0/r0 +
(√
rin,0/r0
)
rin,0∆ǫ0

 . (E7)
E2 Kerr scalings
In this section we substitute the results of Appendix D2 into
the results of Appendix C. The density profile scaling is
ρ (z) =
(
α
α0
)−1 (
κ
κ0
)−3 (
r
r0
)3/2 (
M
M0
)−1 (
m˙
m˙0
)−2
(
η +∆ǫ
η0 +∆ǫ0
)2(
A
A0
)−1(
B
B0
)(
C
C0
)2
(
r
3/2
in B(rin)
1/2∆ǫr−1/2 +D
r
3/2
in,0B(rin,0)
1/2∆ǫ0r
−1/2
0 +D0
)−2
ρ0 (h0z/h) .
(E8)
The pressure profile scaling is given by Eq. (17), and the gas
temperature profile scaling is given by Eqs. (19), (20), (21),
where(
Pc
Pc,0
)
=
(
α
α0
)−1(
κ
κ0
)−1(
r
r0
)−3/2 (
M
M0
)−1
(
A
A0
)−1(
C
C0
)
, (E9)
and
Pph =
(
fcor
fcor,0
)4(
r
r0
)−3 (
M
M0
)−1(
m˙
m˙0
)(
η +∆ǫ
η0 +∆ǫ0
)−1
(
B
B0
)−1( r3/2in B(rin)1/2∆ǫr−1/2 +D
r
3/2
in,0B(rin,0)
1/2∆ǫ0r
−1/2
0 +D0
)
Pph,0.
(E10)
The turbulent velocity profile scaling is
v(z) =
(
α
α0
)1/2 (
β
β0
)1/2(
κ
κ0
)(
r
r0
)−3/2 (
m˙
m˙0
)
(
η +∆ǫ
η0 +∆ǫ0
)−1(
B
B0
)−1/2(
C
C0
)−1/2
(
r
3/2
in B(rin)
1/2∆ǫr−1/2 +D
r
3/2
in,0B(rin,0)
1/2∆ǫ0r
−1/2
0 +D0
)
v0(h0z/h).
(E11)
The shear velocity profile scaling is
vs (x) =
(
κ
κ0
)(
r
r0
)−3/2 (
m˙
m˙0
)(
η +∆ǫ
η0 +∆ǫ0
)−1
(
A
A0
)(
B
B0
)−1(
C
C0
)−1
(
r
3/2
in B(rin)
1/2∆ǫr−1/2 +D
r
3/2
in,0B(rin,0)
1/2∆ǫ0r
−1/2
0 +D0
)
vs,0 (h0x/h) .
(E12)
The surface density scaling is(
Σ
Σ0
)
=
(
α
α0
)−1 (
κ
κ0
)−2(
r
r0
)3/2 (
m˙
m˙0
)−1(
A
A0
)−1
(
B
B0
)(
C
C0
)(
r
3/2
in B(rin)
1/2∆ǫr−1/2 +D
r
3/2
in,0B(rin,0)
1/2∆ǫ0r
−1/2
0 +D0
)−1
,
(E13)
and the scale height scaling is(
h
h0
)
=
(
κ
κ0
)(
M
M0
)(
m˙
m˙0
)(
η +∆ǫ
η0 +∆ǫ0
)−1(
C
C0
)−1
(
r
3/2
in B(rin)
1/2∆ǫr−1/2 +D
r
3/2
in,0B(rin,0)
1/2∆ǫ0r
−1/2
0 +D0
)
. (E14)
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